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O n  Finite Amplitude Roll Cell Disturbances 

in a Fluid Layer Subjected 

to Heat and Mass Transfer 
R. L. SANl 

University of Illinois, Urbana, Illinois 

The system consists of a thin, transversely infinite horizontal fluid layer initially in 
mechanical but not thermostatic or speciestatic equilibrium. The top and bottom surfaces 
of the layer are assumed to be unconstrained, and the stability of the system to buoyancy 
driven finite amplitude roll cell disturbances is investigated. The system is capable of 
exhibiting both a subcritical stationary and oscillatory instability. The average vertical trans- 
port of heat and mass is computed and i t  is  found that the convective transport associated 
with a stationary type of instobility is much greater than that corresponding to an oscillatory 
instability. 

in engineering, meteorology, biology, and other 
branches of science, many of the complex problems which 
are encountered involve the interaction of transport and 
transformation processes which are coupled at the macro- 
scopic level. In many such dynamic systems the stability 
of the system is the object of prime interest. Analytical 
treatments of such systems have proceeded at a slow rate 
owing to the inherent complexity of a reasonable mathe- 
matical description. Moreover, most of the available sta- 
bility analyses deal with the stability of the system to 
infinitesimal disturbances and utilize the simplification of 
a linearized mathematical model. The stability of the 
system to infinitesimal disturbances may, or may not, pro- 
vide an adequate description of the stability of the system 
to disturbances of finite amplitude (see reference 9).  It  
does not in the system to be considered here. 

The present analysis deals with the convective instabil- 
ity of a system undergoing heat and mass transfer to one 
form of finite amplitude disturbance. The distortion of 
the mean temperature and concentration fields by the 
disturbance, the configuration of the local temperature 
and concentration fields, and the transport of heat and 
mass at a finite amplitude roll cell equilibrium state are 
considered; the prediction of the cellular pattern with the 
greatest tendency to form in the physical system and the 
tendency for a change in cell size are not considered. Not 
only does the analysis help to fill a gap in one area of 

convective instability in general, but at the same time it 
illustrates such features as a subcritical instability, a bifur- 
cation point where the regime of the developed instability 
undergoes a transition from a stationary instability to an 
oscillatory instability, and the poor convective transport 
characteristics of an oscillatory instability. 

DESCRIPTION OF THE SYSTEM 

The system to be investigated is a transversely infinite 
horizontal fluid layer initially in mechanical but not ther- 
mostatic or speciestatic equilibrium, with heat and mass 
transfer across the layer and concomitantly a potentially 
unstable density gradient. The only force presumed to 
exist in the initial quiescent system is the force of gravity 
g, which is constant to very good approximation; conse- 
quently, the condition for mechanical equilibrium is 

(VP) x g = o  (2.1) 
By thermostatics p = f ( & ,  &, p’) and a truncated Taylor 
expansion leads to 

p = p, (1 + r(e. - e;) + P(A-  - A ~ - ) I  (2.2) 
Here the &st-order pressure variation of the density is 
assumed to be negligible. Substitution of Equation (2.2) 
into (2.1) leads to the equilibrium criterion, which is ap- 
propriate for the present system. 
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(yvB' + pox) x g = 0 (2.3) 
This criterion restricts the temperature and concentration 
gradients in the initial quiescent system. The present 
analysis is restricted to the case in which the configuration 
of the initial state of the system is such that the tempera- 
ture and concentration gradients are antiparallel to the 
gravitational field and ~(6%' - 6,') < 0, P(AB' - AT')  > 
0, where (8,' - OT*) and ( AB' - AT')  are the temperature 
and concentration differences across the quiescent system. 
Thus, the temperature field tends to destabilize and the 
concentration field tends to stabilize the potentially un- 
stable quiescent state of the system. Other configurations 
of the quiescent state of the system have been discussed 
by Sani ( 5 ) .  The present analysis is subjected to the 
above restrictions, since such a system can exhibit an in- 
stability with a monotone, as well as an oscillatory, tem- 
poral behavior. Consequently, the finite amplitude be- 
havior of the system in both cases can be investigated and 
compared with a minimum of additional labor. 

When a unitless temperature gradient, the thermal Ray- 
leigh number, R ;  

(2.4) 
u-pp, 

exceeds a certain critical value, a flow is established, that 
is, an instability is realized. In the case of a transversely 
infinite layer of fluid subjected to heat transfer only, the 
instability leads to the establishment of highly ordered 
convection cells (see reference 1, p. 11) called after 
BAnard. I t  is expected that the present system will also 
exhibit a highly ordered array of convection cells at the 
point of instability. 

MATHEMATICAL FORMULATION 

When the Boussinesq approximations (8) are utilized 
and when consideration is focused on two-dimensional 

rolls (0 = - = 0 )  , the unitless mathematical repre- 

sentation of the dynamic state of a Newtonian fluid within 
the layer assumes the form 

u s  + wz = 0, 

a 
dY 

(3.1) 

(3.2) 

(3.3) 

c r - ~ v V a c = - ~ r , - u c , - w c .  + (WC),, (3.5) 

Tt - T,, = - (zmz, 
rt - 7) r,; = - (Z) i, 

T ,  - V"T = - wT, - uT, - wT, + (ZF) z ,  (3.4) 

(G - NprVa V'w - Np,T,, + NsCCxs = 

(3.6) 

) 
(2121, + was) 2 z  - (uwz + ww,) ss 

An overbar denotes an average in x, that is 

and the dimensionless temperature field 8 and dimension- 
less concentration field A have been decomposed into 
mean (T, r) and perturbation ( T ,  C) parts. Namely 

O = T + T  , A = r + C  
where here 

T=T, r = r ,  T = 0 ,  C = O  
- - - - 

It  is instructive at this point to mention the major ap- 
proximations incorporated in Equations (3.1) to (3.6) : 
(1) All physical properties, except the density appearing 

in the body force term, are assumed to be constant. (2) 
The energy generated through viscous dissipation is neg- 
lected. (3)  The density is a linear function of tempera- 
ture and concentration. (4)  The concentration and the 
flux of the diffusing species are small. Some results of 
Spiegel and Veronis (8) appear to indicate that these 
approximations are valid if the fluid layer is thin and if 
the gradients of concentration and temperature across the 
layer are sufficiently small. 

Now the boundary conditions are specified in order to 
complete the mathematical characterization of the system. 
The fluid layer is bounded by the planes z = 0 and z = 
1, which are normal to the gravitational field. On these 
planes the normal velocity, viscous traction (assuming the 
viscous traction exerted on the boundary by the surround- 
ing medium is negligible), and the temperature and con- 
centration perturbations, that is, I" and C, are presumed to 
vanish. That is, the planes z = 0 and z = 1 are so-called 
conducting-free surfaces. (The effects of surface tension 
forces and deflection of the free surfaces are neglected.) 
The mathematical characterization of this type of bound- 
ary is 

C = T = w = w , , = O  at z=O and z = 1  
(3.7) 

Although a conducting-free surface, as defined here, char- 
acterizes a rather unrealistic communication of the system 
with its surroundings, it results in computational simplic- 
ity; however, more realistic boundary conditions can be 
treated by the method used here. 

If the specification of the physical system i s  such that 
the top surface z = 1 is maintained at temperature BT and 
concentration AT, and the bottom surface z = 0 is main- 
tained at temperature Bn > @, (,O, < 8,) and concentra- 
tion AB > AT (A, < A T )  for y < 0, f i  > 0 (for 7 > 0, 

< 0) , the mathematical description of the system (3.1) 
to (3.7) has the following time-independent solution: 

21 = w = T = C = 0, To = - R,'z + TD, 
r o  = - 7)"R@*Z + r B  (3.8) 

(3.9) 

The time-independent solution (3.8) represents the initial 
quiescent state of the physical system. This state is per- 
turbed in order to determine the convective stability of 
the system; that is, the existence and location of the small- 
est branch point of the nonlinear system (3.1) to (3.7) is 
investigated. In order to complete the boundary condi- 
tions of the perturbed system the following boundary 
conditions are appended to those appearing in (3.7).  

T--TT,=O,  r-rr,=O at z = O  and z=l 
(3.10) 

After the method of Stuart and Watson (10, 1 2 ) ,  the fol- 
lowing harmonic analysis is made of the perturbations: 

- 
q. (z, t )  exp (- imm) ) (3.11) 

where 

(3.12) 

IAI = modulus A, an over - denotes a complex conjugate 
and q stands for w, T, or C .  The series representation for 
u follows from the representation for w and the continuity 
Equation (3.1), for example 
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i 00 

n:1 
c 

wn, = exp (-ianm) } (3.13) 
Also required are the series representations 

and 
V = V. + 2 [AlamV,(z), ( 3.14) 

m-1 

W 

-= dA n"a,A + A 2 a,lAl"" (3.15) 
m=l 

dt 

where V stands for r or T. (See reference 12 for a dis- 
cussion of the validity of these representations.) With 
these series representations a consideration of the set of 
nonlinear partial differential equations (3.1) to (3.6) can 
be reduced to a consideration of Equation (3.15) called 
the amplitude equation. The problem then reduces to 
evaluating the coefficients a., a, and studying Equation 
(3.15) which is a nonlinear ordinary differential equation. 
Thus, the amplitude function A ( t )  replaces the exponen- 
tial function of linear stability theory; in this way it is 
hoped that a solution which is valid for a greater ran e 
in time than linear theory can be generated. From tfe  
form of Equation (3.15) it is apparent that naa, is the 
exponential time factor of linear theory. For, if higher 
order terms are negligible for infinitesimal amplitudes, the 
amplitude function A ( t )  has the exponential time de- 
pendence exp (w'u,). 

Since much is known about nonlinear ordinary differ- 
ential equations of the form (3.15) with a finite number 
of terms, the present approach reduces the original sys- 
tem of nonlinear partial differential equations to a tracta- 
ble problem if Equation (3.15) is truncated. It is ex- 
pected that for a range of amplitudes Equation (3.15) 
can be truncated as soon as a stabilizing term, that is, a 
term which produces a decrease in the magnitude of A 
( 7 ) ,  is encountered. Only if at least one stabilizing term 
is retained can the correct qualitative behavior of the sys- 
tem be predicted. Otherwise the amplitude of the insta- 
bility would be a monotone increasing function of time, 
and behavior of this type is physically unrealistic if a cell- 
ular instability is to be expected. The modulus of the 
amplitude function IAl as computed from the truncated 
amplitude equation may not remain small enough so that 
the series (3.15) is convergent. In this case the present 
asymptotic perturbation scheme makes sense only in those 
regions of parameter space where (A1 is such that the 
series representation (3.15) is convergent. Along these 
lines it is noteworth that some recent experimental ob- 

in the related problem of viscous 00w between rotating 
cylinders are represented to good approximation by Equa- 
tion (3.15) truncated at m = l. 

PERTURBATION EQUATIONS 
Substitution of the series representations (3.11) to 

(3.15) into the system of Equations (3.1) to (3.6) gen- 
erates a complicated set of equations for the nth Fourier 
component of the perturbation velocity, temperature, and 
concentration fields and also for the mean temperature 
and concentration fields. Entering into these equations is 
the modulus of the amplitude function ]A]. By grouping 
terms in the equations with respect to powers of (AI, and 
by equating each coefficient of a power of IAJ to zero, 
one can obtain an infinite number of linear ordinary dif- 
ferential equations. The important characteristics of this 
infinite system of equations are their linearity and the 
property that the equations can be solved consecutively. 
The following systems of equations are characteristic of 
those obtained by the above process. 

servations by Donne i ly ( 2 )  on the growth of an instability 

- 1 (Wm'C10 - WlOClo') 

2 (4.2) 

N N ; - 2%T, - Wl0C,' - - 1  1 -  
2 
-%'C, + Wac,' - 

U , C , ~  - rllWlo ( 4 . 4 )  

d 
dz 

Here a prime denotes -, and a,'" is the real part of a.. 

The constant ap appears in the (0( IAI')), n = 1) system 
of equations which are similar in form to the systems of 
equations above; in order to compute a, the (0(  IAI), n 
= 3 system of equations and the mean equations for n = 
2 must also be solved. The equations above are to be 
solved subject to the following boundary conditions: 

wc0 = wC,," = Tc. = Cc. = 0, i = 1, 2, 3 

wlI = w1," = c 1 I -  - T I -  - r I -  - 

mF = 0, T, = C, = %= j = 1 ,2  
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METHOD OF DETERMINING THE COEFFICIENTS a, 

In order to determine the unknown coefficients a, en- 
tering into the amplitude equation (3.15), one uses the 
observation that the system of equations obtained by the 
process described previously can be grouped into the gen- 
eral form 

G . q + k K . q = F  (5.1) 
Here G is a linear dya&c operator which depends on a 
parameter u"'"; that is, the real part of uo, K is a linear 
dyadic operator, k is a known real valued constant, F is a 
known vector-valued function in which the constants u, 
appear and q is a vector-valued dependent variable. Cer- 
tain homogeneous boundary conditions complete the spec- 
ification of the system. Let {$"} denote the set of eigen- 
functions and { kh} the corresponding set of eigenvalues 
for the homogeneous equation, that is 

plus the homogeneous boundary conditions associated 
with the operator G. Here Go denotes the operator G 
cvaluated at u,,"' = 0, and it is presumed the eigenvalues 
{k,'} are simple. Let {$,} denote the set of eigenfunctioiis 
and \(ha} the corresponding set of eigenvalues for the 
homogeneous equation 

Go* . dJfL + L K* . JIn = 0 ( 5 . 3 )  
plus the homogeneous boundary conditions adjoint to 
those associated with the operator Go. Here Go" and K 4  
are, respectively, the adjoint of the operators Go and K 
and are defined in the following manner: 

where q satisfies the boundary conditions associated with 
Go. The adjoint boundary conditions, that is, those which 
p must satisfy, are determined by the requirement that 
relations (5.4) are fulfilled. 

If {4*} and {a} form complete sets (complete in a 
least square, or L?, sense is sufficient here) in the domain 
and range of C,, then the following representations are 
valid : 

where 

b. = $' * q dz 

(5.5) 

(In the present problem the completeness of the sets 
{+*} and {+,} follows from the complete continuity of 
the operators C,, and G o 4 . )  Hence if 

(5.7) 

thrn from Equation (5.1) it follows that 

Rut 

(G * q; a)  = (9; c" . JI,,) = - (9; A, K* * Jln) t 

(G ' g; JI.) + k ( K .  q; JIn) = (F; +,,) (5 .8)  

- 
o(uo(r)) = - b ( q ;  Zc* * JIJ + o(a,(')) (5.9) 

where o(a,")) is a term which tends to zero as u,,'" -+ 0. 
Therefore, 

( k  - L) (9; K* . JIn) + o(a.(r)) = (F; I+.) 
(5.10) 

Also, if {a} and (Ab}  are complete it follows that {k} = 

- - 
{A%). Consequently, if k = A, for a,'" = 0, then from 
Equatioii (5.10) it follows that 

(F; +dlz,g (5.11) 

In order koi the mathematical representation of the physi- 
cal system to characterize meaningful physical behavior, 
Equation (5.11) must be satisfied. The coefficients a,, nl 
= 1, 2,  . . ., enter into the various F's generated by the 
systems of equation of the previous section and can be 
evaluated by requiring that Equation (5.11) be satisfied. 

SOLUTION OF EQUATIONS NECESSARY TO 
DETERMINE ao, al,  and a2 

In the present analysis a stabilizing term is always en- 
countered in the amplitude equation (3.15) truncated at 
m = 2. In order to determine the coefficients a,, a,, and 
a,, only the equations up to O(lA13) for n's up to 3 need 
be solved. 

The solution to the (0( IAI), n = 1) system of equa- 
tions (4. l) represents the linear stability problem which 
has been considered elsewhere (6 ) .  Consequently, only 
the pertinent results are displayed here. 

wlo = 2 sin T z ,  T,,  = T? r1 sin T z ,  C,, = Y' r3 sin T z 
(6.1) 

where 
2Rq' 

T3 = 
2R t 

7 1  = 
(a,  + ax + 1)' {a, +- 7 (a2 + I)}' 

(6.2) 
R, = T - ~ R ~ ' ,  R, = T~-~R,* 

and either a."' = 0 and 

R,  = ( ~ - ~ ( a '  + l){Np,-'a? + (a' + 1) 

(1 + N P r - l ) a o  + (a' + 1)') + 

which characterizes a stationary instability or 

which characterizes an oscillatory instability. For a 'mar- 
ginal stationary instability, that is ao(') = 0, a,,'" = 0, 
Equation (6.3) simplifies to 

(6.6) R, = a-a(a  + 1y + R, 

and for a marginal oscillatory instability, that is, a,,'" = 0, 
Equations (6.4) and (6.5) simplify to 

and 

R ,  = NPV-,(l + 17) (9 + N P ? ) a - y a a  + + 
(6.8) 7) (1 + N P V ) " ( N P P  + ? ) R ,  

Also it is not too difficult to establish that the critical 
marginal stutionary as well as oscillatory state is located 
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at aor = g0.5, which is called the critical wave number. 
From an inspection of Equation (6.7) it is evident that to 
insure that a,'"' > 0 it is necessary that r) < 1 and 

E R,' (6.9) 
r) (Q? + 1)9 (1 + NP,) 

Also if it  is presumed that the type of instability which 
manifests itself in a given marginal state of the system is 
that which occurs at the lower thermal Rayleigh number 
H , ,  then an oscillatory instability occurs if r )  < 1, R, > R,' 
and RI > Rt,,. Here subscript cr denotes the critical 
marginal state at acr. Otherwise, a stationary instability 

of the disturbunce which propagates and the flow which 
is ultimately realized is a,, that is, the wave number of 
the first growing disturbance according to linear theory. 
Some recent results of Segel (7) seem to indicate the lat- 
ter is a good assumption, at least for thermal Rayleigh 
numbers close enough to the critical value. 

The method for evaluating the coefficients a,,, which 
was outlined previously leads to the following results: 

Stationary Instability, a = aCI 

occurs if Rt > R I ~ ~ .  
The solutions to the remaining equations which are 

necessary to determine the coefficients a,, a,, and a, are 
easy to obtain but cumbersome in structure; in the interest 
of brevity they are not displayed here. 

COMPUTATION OF THE COEFFICIENTS ao, (11, and a2 

The magnitude of the coefficients a., a,, and a, depends 
on the type of instability which is being considered. Two 
values of the coefficients, one appropriate for a stationary 
instability and one appropriate for an oscillatory instabil- 
ity, are computed. 

In the case of a stationary instability Equation (6.3) 
leads to 

(los + (a2 + 1) (Npr + 7 + 1 )  a.2 + 

- Nprr) aahRt = 0 (7.1) 
where 

For given values of a, N,,, r),  R,  and Rt the appropriate 
value of a,, can be computed from Equation (7.1). Simi- 
larly, Equations (6.4) and (6.5) are used to compute a, 
for an oscillatory instability. 

It is assumed here and hereafter that the wave number 

ARt Rt - 6.75 - R, (7.2) 

- NP, 
2 ( 1  + N P , )  

[For R ,  = 0, a, = which agrees with the 

result obtained by Segel (7) .] 
Oscillatory Instability, 01 = aOr 

EE 0, (7.5) 
u,") = - 6.75 Np;'q-'( 1 - 7) ( 1  + Npr) - lM- lao( i )  

where 
{r)-a(Npr + 1 )  ( N p r  + 271 + 1)  Re' - Rr.1, (7.6) 

M = 4( 1 - ?la)=( 1 + q)"(l + Np,)-' 

(H,,+- R,)" + 81(N,,~)"(1 + N p ,  + ~ ) u a o ( ' y d  

The values of and a(" are nonzero but the analytical 
expressions for these two constants are lengthy and are 
not presented here. Figure 1 displays the values of &(') 
for values of the physical parameters characteristic of 
gaseous (dotted line) and liquid metal (solid line) sys- 
tems. 

By inspection of the explicit forms of the coefficients 
a, and a, for a stationary instability [Equations (7.3) and 
(7.4)], it is evident that for r) < 1 

a,-++co , & + - X I  (7.7) 
as R ,  + R,.+ -. It  is also easy to show that for r) < 1 

(7.8) 

. '. 
0 
0 100 200 300 

R C  

Fig. 1. Constants for amplitude equation, oscil- 
latory instability. 

Fig. 2. Constants for amplitude equation, sta- 
tionary instability. 
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as H c  + R,' +. Hence, there is an infinite discontinuity 
in the coefficients and az for a stationary instability at 
the point R. = Rc+. The behavior of a typical gaseous 
system with q = .91 and R,' = 161.6 is displayed in 
Figure 2. 

For a stationary instability the coefficients a,, a,, and 
a, depend on the parameter q, which is the ratio of the 
Prandtl number to the Schmidt number (or mass diffusiv- 
ity to thermal difFusivity). If 9 < 1, the coefficients a, 
and a, both pass through zero at least once and if 9 > 1 
both coefficients are negative-definite functions of R,. 
These properties greatly affect the behavior of solutions 
of the amplitude equation (3.15). 

AMPLITUDE EQUATION 

(3.15) is truncated at fifth-order, that is 
In all cases considered here the amplitude equation 

This truncation is sound if IAIa remains sufficiently small 
for all time but is not necessarily sound if, for example, 

IAla = O(1). Multiplying Equation (8.1) by 2 and the 
complex conjugate of Equation (8.1) by A, and then 
adding the resulting equation leads to 

Consequently, it is the real part of the coefficients a,, 
which determines the behavior of the magnitude of the 
amplitude of the disturbance. A coefficient am(r) is called 
stabilizing if it causes a decrease in the magnitude of the 
amplitude and destabilizing if it causes an increase. It is 
apparent from an inspection of Figures 1 and 2 that at 
least one of the coefficients, fi") or G ( ~ ) ,  is stabilizing (ex- 
cept at R, = &*). Therefore, in most cases the initial 
exponential behavior of the disturbances is modified and 
either finite amplitude dynamic equilibrium states are 
eventually attained or the disturbances decay and the 
system is stable. This behavior is also expected from phys- 
ical considerations. 

In the present case consideration of the amplitude A as 
obtained from Equation (8.1) can be restricted to the 
following five cases: 

I 1. 0 L R, 4 R,", q < 1; U, < 0, U, < 0 

2. 

3. R,*<R,LR,+,  ? < l ;  % > O ,  a,<O 

4. R,'< R,, q <  1 

5. 

R," < R, < Ro*, 7 < 1; a, < 0, a2 > 0 

1 
1 All R,, 7) > 1; & > 0, a, > 0 

where R," is the value of R, at the first zero of a,. Once 
having prescribed the value of R, > 0, that is, the unit- 
less concentration difference across the layer, and ?, the 
reciprocal of the Lewis number, the only parameter in 
the amplitude Equation (8.1) which can be varied is a, 
whose magnitude and phase are determined by ( R t  - 
Rt,,). 

Although Equation ( 8 . 2 )  can be solved exactly it is 
more revealing to investigate first the location and stabil- 
ity of its equilibrium points. At an equilibrium point 
d - ]A]" = 0 and the modulus of the equilibrium amplitude 
dt 
A, is characterized by the following expression: 

I 1 I I T  

R,=O 

1 =0.91,NpFO.73, A R t ' 5  

; - T I M E  A - 0 . 9 A e  

I 
0 0.2 0.4 0.6 0.8 1.0 1.2 14 

TIME (t) 

Fig. 3. Instantaneous amplitude, stationary instability. 

- & w a  q/4(m - 4&,(r)ap(*) 
( 8 . 3 )  2aT' 1A.r = 

Now the properties of 1A.I are investigated in each of 
the five distinct R ,  regions. 

1. Stationary instability, 

In order to insure that A." (for a stationary instability 
A.' = 1A.I" and a,,,") = a,,,) is positive, that is, the equi- 
librium amplitude be real, it is required that a, > 0. The 
latter requirement is fulfilled on1 if (Rt  - Rt, , )  > 0; 

spection of Equation (8.3) it is apparent that only one 
equilibrium point occurs in this case, and a linear stability 
analysis establishes that it is a stable node. The attain- 
ment of the equilibrium amplitude for one case is dis- 
played in Figure 3. The shape of the curves is similar to 
those determined experimentally by Donnelly (2)  in a 
related system. Note that increasing the unitless concen- 
tration difference across the layer R, increases the time 
necessary to attain 0.9 A,. This behavior is to be ex- 
pected, because the concentration field exerts a stabilizing 
influence in this particular R, region. 

0 < R,  < R,", 7 < 0; & < 0, < 1 

that is, only a supercritical insta i ility can occur. By in- 

2. Stationary instability 
R," < R, < R O O ,  T < 1; a, < 0, a, > 0, 

stationary instability 

oscillatory instability 

stationary instability 

Here the coefficients a, and a, are different in sign and 
the behavior of the equilibrium amplitude A, as a func- 
tion of R, differs markedly from the preceding R, region. 
Here, for instance, an equilibrium amplitude can be at- 
tained both for a. > 0, a supercritical instability and a,, 
< 0, a subcritical instability. The possibility of allowing 
both positive and negative values of a, becomes apparent 
on inspection of Equation (8.3) with a, < 0 and a, > 0. 

According to Equation (8.3) with a, > 0 it is also re- 
quired that 

a,= - 4 m=aa,a, 2= 0 
in order to insure that A. is real. Consequently, according 
to the truncated amplitude equation there exists a maxi- 
mum value of AR,  for which an equilibrium amplitude 

(8.4) 
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can be attained. (More terms must be retained in the am- 
plitude equation if larger values of AR, are to be in- 
vestigated.) 

In the present R, region there are two equilibrium am- 
plitudes, A., and A,, > Ael, if a. > 0. The locus of am- 
plitudes A., and Ae., branch off from the separatrix locus 

which is obtained by substituting the equality appearing 
in relation (8.4) into Equation (8.3). Here again it is 
seen that the truncated amplitude equation (8.1) may not 
be valid for A," = O(1); however, A,' of O ( 1 )  is dis- 
played in Figure 4 which illustrates the behavior alluded 
to above for the case of a typical gaseous system with 
7 < 1. A linear stability analysis about each equilibrium 
amplitude establishes that Ael is a stable node and A., is 
an unstable node. Consequently, if the truncated ampli- 
tude equation is valid, a disturbance with an amplitude 
less than A,, equilibrates to A., at large times. The trun- 
cated amplitude Equation (8.1) is inappropriate for a 
disturbance with amplitude greater than A., and more 
terms must be retained in the amplitude equation in 
order to consider such disturbances, 

As previously mentioned an equilibrium amplitude A., 
can be realized at a subcritical state and A., > A., fol- 
lows from Equation (8.3). In this case a linear stability 
analysis establishes that this equilibrium point is an un- 
stable node. Consequently, in regions where the truncated 
amplitude equation is valid a disturbance whose magni- 
tude is less than A., equilibrates to zero amplitude at 
large time; the truncated amplitude equation is inappro- 
priate for disturbances with amplitudes greater than Ae8. 
It should be noted that a subcritical instability is a purely 
nonlinear effect; that is, according to linear theory the 
sy5tem is stable to all disturbances if R,  - Rt, ,  < 0. 

3. Stationary instability 

Here the coefficients 

R," < R, < Ro+, 7 < 1; al > 0, a, < 0 

and a, again differ in sign, and 
either a subcritical or supercritical instability can occur. 
However, because a, > 0 and a, < 0, a subcritical insta- 
bility leads to two equilibrium amplitudes A*, and A,, 5 
Ael, and a supercritical instability to one equilibrium 
amplitude Ae3. A linear stability analysis about each equi- 
librium amplitude establishes that AB1 is an unstable node 
and A., and A., are stable nodes. Therefore, if a dis- 
turbance in a subcritical state of the system initially ex- 
ceeds an amplitude Ael, it equilibrates to an equilibrium 
amplitude A?% at large time; whereas, if a disturbance 
has an amplitude less than A., it decays. This type of be- 

- STABLE 

l) =0.91,Npp=0.73 

Fig. 4. Equilibrium amplitude, 1 = 0.91, N,, = 0.73. 

havior is illustrated in Figure 4. [Note here and hereafter 
that the truncated amplitude Equation (8.1) may not be 
sound for [A,[' = O ( l ) . ]  

Although a supercritical instability can occur here a 
bubcritical type of instability is most likely to be encoun- 
tered experimentally. In experiments it is most likely that 
the magnitude of 7, N,,,  and R, (or R , )  would be held 
relatively constant and the value of R,  (or R,) increased 
until an instability is detected. Consequently, if there are 
sufficiently large disturbances present a subcritical type 
of instability should determine the experimentally deter- 
mined value of the critical thermal Rayleigh number R , .  
'The dotted lines in Figure 4 indicate what is meant by 
sufficiently large disturbances [according to the truncated 
amplitude Equation ( S . l ) ]  for 7 = 0.91 and ATp, = 0.73. 
In Figure 4 it is apparent that the initial amplitude of 
the disturbance need not be very large if ! ( R t  - Rt, , )J  
is small. Indeed, if Rt = Rt,,, any disturbance is sufficient. 

In order to insure that A, is real it is necessary that the 
radical in Equation (8.3) be real. The limiting condition 
1s 

n," - 4r2a,u2 = 0 

and the corresponding equilibrium amplitude is 
__ 

(8.5) 

The locus of equilibrium amplitudes (8.6) is evident as 
the separatrix between the locus of stable equilibrium 
amplitudes AS2 and the unstable ones Ael in Figure 4. Also 
the restriction imposed by Equation (8.5) appears to 
represent a realistic physical phenomenon, since a limit- 
ing decay rate for which the nonlinear effects could give 
rise to an instability is to be expected. However, because 
of the smallness of the difference ( R t  - Rt,,) associated 
with the limiting decay rate, it appears that subcritical 
instabilities would be difficult to detect experimentally in 
this or a similar system. Although the system being 
treated in this analysis is highly idealized, it is felt that 
the same qualitative behavior is characteristic of more 
realistic systems. 

As previously mentioned 

ul-+ rn and u2-+ - 03 

as R, -+ Rc7. The point R, = R,' is also significant, be- 
cause according to linear theory a stationary instability 
occurs initially for R, < R,' and an oscillatory instability 
for R, > R:. With the use of Equations (7.3) and (7.4) 
it follows that 

a, - + o  
a? 

as R, -+ R,' -. Coupling the latter result with Equation 
(8.3) establishes that A, -+ 0 as R, + Ro+- [in regions 
where the truncated amplitude Equation (8.1) is valid]. 
This result is also reasonable from a physical standpoint 
and tends to lend credence to the validity of Equation 
(8.3) in the vicinity of Rc+. Thus, if the physical system 
initially experiences a stationary instability in an R, sta- 
tionary region and if external conditions are then gradu- 
ally adjusted until R ,  enters the R, oscillatory region, the 
amplitude of the stationary instability would decrease, be- 
come zero at R, = R:, and an oscillatory instability would 
appear for R, > R;. To the order of the present approxi- 
mation the system experiences a metastable state at R, = 
R,' even though a growing disturbance can occur accord- 
ing to linear theory. 

In regard to a subcritical instability it is interesting to 
note that Equation (7.1) for a, has three real negative 
roots if R,* < R, < R,+, 7 < 1. However, the only one 
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which can lead to a real equilibrium amplitude A, is the 
largest one, that is the slowest decaying disturbance. 

4. Oscillatory instability, 
R,>R,', q < 1  

An oscillatory instability occurs in this R, region, and 
the equilibrium corresponds to an undamped oscillation. 
Since it was pointed out previously that a,"' = 0, the 
modulus of the equilibrium amplitude (8.3) becomes 

and the corresponding equilibrium wave velocity is 

ae = *?a,"' + al(')lA,la + a2("IAe14 (8.8) 
Here computations were made for three characteristic sys- 
tems. The systems and results are as follows: 

1. Liquids: 

2. Gases: 

3. Liquid metals: 

From an inspection of Equation (8.7) coupled with 
the results (8.9), it is apparent that a subcritical oscilla- 
tory instability can occur in the liquid system. There ap- 
pears to be a locus of r) < 1 and N p v  values which sep- 
arate the regions of subcritical and supercritical oscillatory 
instabilities; however, this has not been investigated. The 
computations which were performed do establish that the 
equilibrium amplitudes are much smaller than those asso- 
ciated with a corresponding stationary instability and that 
o. - T~U,,"). The occurrence of very small amplitudes and 
0, = Trzu.(6' are in complete accord with experimental ob- 
servations of Nakagawa and Frenzen ( 4 )  in a rotating 
layer of mercury heated from below. The present results 
and the observations of Nakagawa and Frenzen indicate 
that the wave velocity of a growing disturbance according 
to linear theory is not distorted to any great extent by the 
nonlinear effects which can have such a large effect on 
the magnitude of the amplitude. 

q = 0.01, Npr = 8; a,'" > 0 

r) = 0.91, N p r  == 0.73; a?' < 0 (8.9) 

r) = 6.25 . lo-&, Npr = 2.5 . lo-'; a?"' < 0 

5. Stationary instability, 
0" R,, r )  A 1; a,< 0, U, < 0 

Here an oscillatory instability cannot occur, and the 
behavior predicted by the truncated amplitude Equation 
(8.1) differs greatly from that corresponding to a system 
with q < 1. In this R ,  region both a, and are decreas- 
ing negative-definite functions of R,; consequently, a sub- 
critical instability cannot occur. In this case, that is, 0 6 
Re, r) I. 1, the equilibrium amplitude A, is a monotone 
decreasing function of R,. 

The latter behavior is in sharp contrast to the behavior 
for a system with R ,  < R,", q < 1 in which the equilib- 
rium amplitude is a monotone increasing function of R,. 
Since the concentration difference tends to stabilize the 
initial potentially unstable system, the behavior exhibited 
by 7 > 1 systems is expected on a intuitive bases. How- 
ever, this intuitive expectation is violated by T < l sys- 
tems. 

CONVECTIVE TRANSPORT 

The convective transport of heat and mass is important 
from an applied as well as a theoretical point of view. Its 
importance in applications is obvious. Its theoretical im- 
portance stems from the observation that the condition 
of maximum convective transport appears to be the cri- 

terion which eliminates the indeterminacy in the cellular 
shape of the instability which has the most tendency to 
develop (3 ) .  Therefore, it is important to determine in 
what manner the various physical parameters effect the 
convective transport. It has also been established both 
theoretically (11) and experimentally ( 4 )  that in a rotat- 
ing fluid layer heated from beneath the convective trans- 
port is much smaller for an oscillatory instability than for 
a stationary instability. The question of the validity of 
this property here arises, and its answer may provide a 
clearer insight into the constraining effect alluded to by 
Veronis ( 11 ) . 

The average vertical convective transport in a dynamic 
equilibrium state of the present system is 

Here $ stands for T or C. 
To O (  [Ae[*) the convective transport of heat h and the 

convective transport of mass m at an equilibrium state are 

h = R, + - R ~ ( T T ,  - E1A.I') /Ae/' (9.2) 
1 
2 

1 
2 

m = 7 'R, + - R e ( r T ,  - FIA,I') (9.3) 

where 

In particular, for a stationary instability Equations (9.2) 
and (9.3) take the form 

For a system subjected to only heat transfer the average 
vertical heat transfer to 0 ( / A e / & ) ,  as computed from Equa- 
tion (9.4), is identical to the O (  value previously 
computed by Malkus and Veronis ( 3 ) .  The transport of 
heat and mass to O (  ]Ae]') was also computed here but in 
the interest of brevity is not specifically displayed. 

Since powers of A, occur in Equation (9.1), the aver- 
age vertical transport of heat and mass appears to offer a 
criterion for estimating the range of validity of the trun- 
cated amplitude equation. Figure 5 displays the average 
vertical transport of heat to O (  lAe14) for an q < 1 system 
in the range 0 L R,  R.". (The behavior of the average 
vertical transport of mass is similar.) The dotted portion 
indicates the Rt/Rt, . ,  range of questionable validity. Note 
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Fig. 5. Average vertical heat transport, q = 0.91, N p r  = 0.73. 

that as R, approaches Roo the range of validity appears 
to decrease; this type of behavior is to be expected, since 
the equilibrium amplitude grows very rapidly as R, -+ 
Rc*-. 

Figure 6 displays the average vertical transport of heat 
to O (  lAelG) for a state of the system which exhibits a sub- 
critical instability. Note that there are three equilibrium 
states: stable, metastable, and unstable. For the state of 
the system displayed in Figure 6 the initial quiescent sys- 
tem is in a stable equilibrium state if R, < 54.50 and in 
a metastable equilibrium state if 54.50 Rt L 59.75. In 
a stable equilibrium state the system is stable to all roll 
cell disturbances; in a metastable state the system is 
stable only to certain roll cell disturbances. For instance, 
if a disturbance causes the average vertical heat transport 
to increase to values greater than the dotted portion of 
Figure 6 then the system is unstable; otherwise it is stable. 
In contrast, the average vertical transport of heat corre- 
sponding to the dotted portion of Figure 6 can never be 
maintained, because it corresponds to an unstable equilib- 
rium state. Consequently, a plot of average vertical trans- 
port of heat vs. R t  for a R, subcritical region always pos- 
sesses a discontinuity. The average vertical transport of 
mass behaves in the same manner. 

Figure 7 displays the average vertical transport of heat 
for an 7 > 1 system. (The average vertical transport of 
mass is similar.) Here the truncated amplitude equation 
yields results which appear to be valid for a large range 
of RJRt,, and R,  values. An apparently good representa- 
tion results because the equilibrium amplitude for an 7 > 
1 system is a monotone decreasing function of R,. 

For an oscillatory instability the average vertical trans- 
port of heat and mass to O (  1A.I") is 

(8.10) 
h (01' + 1) 

R,' 
- = I +  

?T"{ ( a a  + 1)"  + a,'*'"} 

59.3 59t 7 = o .P l .N~=0 .73  
R.=53. Rtc,.=59.15 
- STABLE EQUlLI0RIUM _ _ _ _  UNSTA0l.E 
-~-METASTABLE 

5 4 2 L '  1 '  ' 1 ' ' ' ' ' ' ' ' 
57 9 €0 62 64 66 68 70 72 74 76 70  80 

h 

Fig. 6. Average vertical heat transport in subcritical R, region. 

I ! I I 
2 3 4 5 6 7  8 
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h C r  

Fig. 7. Average vertical heat transport, q = 1.1, Npr = 0.73. 

These expressions are expected to be good approxima- 
tions, because the amplitudes of the oscillatory regime are 
very small. In particular, for a system in which R, = 166, 
q = 0.91, Npr  = 0.73, ARt = lo", and 01 = d.%Equa- 
tion (8.10) leads to 

h - = 1 + 1.37 * lo-" 
R,' 

Note how little the convective transport associated with 
an oscillatory instability contributes; the convective trans- 
port associated with a stationary instability in the present 
system is over a thousand times larger. This significant dif- 
ference has also been observed experimentally in a related 
system ( 4 ) .  

SUMMARY 

In order to place the results obtained here in their 
proper setting it is necessary to recapitulate the finite 
amplitude effects which are and are not considered. The 
analysis accounts for the distortion of the mean tempera- 
ture and concentration fields and the configuration of the 
local temperature and concentration fields to O (  /A14). 
However, the prediction of the cellular pattern with the 
greatest tendency to form in the system and the tendency 
for a change in cell size are not considered in the present 
analysis; these latter items are treated in a sequel to this 
work. 

In the present analysis the Stuart-Watson perturbation 
method leads to a valid mathematical characterization of 
the system in certain regions of parameter space. The 
method is easily extended to other systems, to other forms 
of disturbances, and also to the prediction of the cellular 
pattern with the greatest tendency to develop. 

It is found that in order to obtain valid qualitative and 
quantitative information a higher order of approximation 
is necessary for a system which is capable of an oscillatory 
instability than one which is not. If the present system is 
operated in a region in parameter space where an oscilla- 
tory instability is possible, then both subcritical and super- 
critical stationary instabilities can occur. In this case it 
appears that many terms must be retained in the ampli- 
tude equation in order to obtain quantitative information 
if ( R ,  - Rt,,) is reasonably large. In contrast, the Stuart- 
Watson method converges rapidly for the present system 
when the system is not capable of exhibiting an oscillatory 
instability. This analysis clearly illustrates the complexity 
in the behavior of a system capable of an oscillatory in- 
stability. Also it is noteworthy that here the amplitude of 

Vol. 11, No. 6 A.1.Ch.E. Journal Page 979 



an existing stationary instability tends to zero before an 
oscillatory instability develops. 

In many engineering applications the flux of heat and 
mass is of primary interest and the perturbation method 
used here offers a method for computing these fluxes from 
first principles. The magnitude of the flux of heat and 
mass to a great extent depends on the type of instability, 
namely, oscillatory or stationary. Thus, it is important to 
be able to determine the regions in parameter space where 
the two types of instabilities can occur. In the present 
case it is sufficient to consider only the linear stability 
problem in order to locate these regions; however, the 
linear stability problem may not be sufficient for other 
systems. 
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NOTATION 

A = amplitude function 
IAl = modulus of A 
a, = coefficients appearing in Equation (3.15) 
C = dimensionless concentration perturbation 
D = specie diffusion coefficient 
E , F  = constants defined with Equations (9.2) and (9.3) 
F, q, p, r, s = vector-valued functions 
g = gravitational field 
h = total average vertical heat transport 
i = d - l  
{k,,} = set of eigenvalues appearing in Equation (5.3) 
G, Go, GoQ, IC, IC" = linear dyadic operators 

__ 

depth of fluid layer ' 
total average vertical mass transport 

Prandtl number = 2 

Schmidt number = 

pressure 
mass Rayleigh number [see Equation (3.9)] = 
7r4R, 

K 

D 

6.75 7' 
( 1 - r f )  
~ ( 1  - q a ) R c a  

~ 

N P 4 Y 2 (  1 - 7) 
magnitude of R, at first zero of a? (stationary in- 
stability) 
real part of 
thermal RayIeigh number [see Equation (2.4) ] 
= a'R, 
dimensionless temperature perturbation 
dimensionless time 

(x, y, z )  = dimensionless independent variables 
(a, v ,  w )  = dimensionless velocity vector 
x = vector multiplication 

= scalar multiplication 

V? = - 

Greek Letters 
(Y = dimensionless wave number 
,B 
y 

aa a" 
axz + z 

= species coefficient of expansion 
= thermal coefficient of expansion 

7 = Np, /Nsc  
K == thermal diffusivity 
8 = dimensionless temperature = T + T = & / O .  

= set of eigenvalues appearing in Equation (5.3) 
= kinematic viscosity 
= density 
- - - p,y(&' - BY'*) 
= p,B(5Ll' - 5T.) 
= constants defined by Equation (6.2) 
= set of eigenfunctions appearing in Equation ( 5 2 )  
= set of eigenfunctions appearing in Equation (5.5) 
= wave velocity of oscillatory instability 

r = dimensionless mean concentration . 
A = dimensionless concentration = 1' + C = h'/b. 
T = dimensionless mean temperature 

Su bscripts 

B = bottom surface 
cr = critical state 
e = equilibrium 
1' = reference state 

a 
az 
d 

at 
T = top surface 

Superscripts 

( r )  = real part 
( i )  = imaginary part 
I d 

dz 

x - 
d - -  

- 

1- 

Overhead - = complex conjugate 
- = r-spatial average 

Measure numbers 

t. = - 1' 
K 

K 
21. = - 

1 

x. = 1 
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